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Analysis of Mass Transfer in Unstirred Batch
Ultrafiltration: Effect of Variation of Diffusivity in
Boundary Layer

CHIRANJIB BHATTACHARJEE and SDDHARTHA DATTA*

DEPARTMENT OF CHEMICAL ENGINEERING
JADAVPUR UNIVERSITY
CALCUTTA-700 032, INDIA

ABSTRACT

An unsteady-state mass transfer model has been developed which takes into ac-
count the variation of diffusivity with solute concentration in the boundary layer. The
main aim of this model is to study the effect of variation of diffusivity on membrane
surface concentration as well as on the concentration profile prevailing within the
boundary layer. Experimental data generated in this study have been used to validate
the model. The resulting complex nonlinear partial differential equation has been
solved by a numerical technique. The developed model is also capable of simulating
volumetric flux and the permeate volume collected at any time under specified oper-
ating conditions. The ssimulated results show excellent fitting of the present model
with variable diffusivity consideration when compared with experimental data. On
the other hand, prediction based on constant diffusivity deviates considerably, indi-
cating the importance of consideration of variable diffusivity in unsteady-state batch

ultrafiltration.

INTRODUCTION

An important limitation in the performance of pressure-driven membrane
processes such as hyperfiltration, ultrafiltration, and microfiltration is con-
centration polarization (1-3). In general, transmembrane flux is adversely af-
fected by the transient buildup of retained solutes and the resultant presence
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of ahigh solute concentration at the upstream solute-membrane interface. To
reduce concentration polarization, modules were developed to allow feed
streamsto flow tangentially along the membrane surfaceinstead of toward the
membrane as in dead-ended or impact flow. This type of crossflow moduleis
usually preferred for industrial useto get high flux. For laboratory purposes, a
continuous or batch impact flow module awith flat disc membraneis usually
selected. The cell may or may not have the stirring facility, but to study the ef-
fect of operating variables, this impact flow configuration is regarded as the
best choice (4). Although an unstirred batch cell offersthe least flux dueto a
severe effect of concentration polarization, this cell in many cases has been
preferred to study the effect of diffusivity, solution viscosity, as well as dif-
ferent operating parameters on flux and rejection.

Various works have been reported in the literature with unstirred batch
cells. Shen and Probstein (5) first attempted the rigorous modeling of unstirred
batch cells using constant as well as with variable diffusivity with some ap-
proximation to permit solution of the governing partia differential equation.
Later, Trettin and Doshi (6) reported an integral method of analysis with the
same type of module. The severe effect of concentration polarization as ob-
served in unstirred batch ultrafiltration may ultimately lead to gel formation
over the membrane depending upon the type of solute. If the solute does not
have a tendency to precipitate over the membrane, the flux will be limited by
the osmotic pressure model (7-9), not by the gel polarization model. Severity
of concentration polarization may lead to fouling of the membrane, and vari-
ous research works have also been reported in the literature on the reduction
of fouling phenomena (10). The effects of diffusivity on flux and rejectionin
different types of transport through membranes have been discussed in detail
by van den Berg and Smolders (11). Recently, very good work in formulating
the concentration polarization phenomenon was reported by Song and Elim-
elech (12). Their model appliesto concentration polarization of nonintersect-
ing particlesin acrossflow filtration system. The effects of natural convection
instability on membrane performance in dead-end and crossflow ultrafiltra-
tion were discussed recently in an interesting manner by Youm et a. (13).
Various works regarding the analysis of mass transfer in the boundary layer
for batch, continuous, and crossflow ultrafiltration and prediction of flux and
rejection have been reported in the literature (14-17). A significant work re-
garding modeling of concentration polarization and depolarization with high
frequency backpulsing was reported by Redkar et a. (18). Recently a unified
model for the prediction of flux in stirred and unstirred batch ultrafiltration
was also reported (19). An interesting work regarding crossflow filtration of
rigid hard spherical solute particles was reported recently by Elimelech and
Bhattacharjee (20). The model utilizes the equivaence of hydrodynamic and
thermodynamic principles governing equilibrium in a concentration polariza-
tion layer.
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Recent literature isvery scant regarding the study of diffusional phenomenon
in the concentration boundary layer, particularly in the case of a dead-end flat
disc module. In unstirred batch ultrafiltration, a step concentration gradient near
the membrane surface is expected. Dueto this, arigorous solution of the bound-
ary layer problem with the diffusivity variation properly taken into account is
very much needed. The present work deals with unsteady-state batch ultrafiltra-
tion with polyethylene glycol (PEG)-6000 as a solute which is reported to be
complete miscibility in water. Due to this, the gel polarization model is not ap-
plicable for PEG-6000 ultrafiltration; instead, flux limitation will occur due to
an increased osmotic pressure difference. A smulation model with a variable
diffusivity concept is developed in this study with the main objective of com-
paring the results with and without variable diffusivity. The developed model is
also capable of predicting flux under any operating condition with known mem-
brane hydraulic resistance. Comparison of the results obtained with and without
variable diffusivity consideration shows the extent to which this effect is im-
portant, particularly in the case of a batch unstirred ultrafiltration cell where a
large concentration gradient is observed within the boundary layer. The pre-
dicted flux also matches the experimental data generated in this study with a
very good fit; the absolute average deviation is <5%.

THEORY

Strictly speaking, the height of liquid over a membrane should decrease
with time asthefiltration proceedsin the case of unstirred batch ultrafiltration.
But since the flux isvery low in this case, the content within the cell remains
virtually unchanged with time, which resultsin no significant changein height
of the liquid over the membrane. The effect of concentration polarization is
most severein thistype of unstirred module because the flux isvery low com-
pared to other ultrafiltration module configurations. An unsteady-state mass
balance over adifferential element of thickness Ax lying at a distance x from
amembrane surface gives the following partial differential equation (PDE):

9 9 ac) _ ac
ax 9 T 5 (D ax) ~ ot &
For a macromolecular solution the diffusivity can be expressed as a func-
tion of solute concentration by the following relation developed by Anderson
(21): D = Do(1 — ®@)°°, with ® = c/ppec = SC Where s = 1Uppee. After sub-
stituting the above equation in Eq. (1), the following PDE can be obtained un-
der the assumption that solution density does not change appreciably, which

is true under the present circumstances:

9% _ dc

2
Jc _ 55 [ 0C 65
398 — 655D(1 - 0) ( ax) R e
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The above equation is to be solved with the following initial and boundary
conditions:

i) t=0,c=coforalx

iy x=09%| = _J o =
i) X_O’axo_ D(c|0 Cp) fort >0 3)

_ 4 0C _
iii) X_H’ax Ofort=0

With the introduction of dimensionless variables & = c/co, n = X/H, and §s =
Dot/H?, Egs. (2) and (3) can be written as

9 Y’ P _ 9
) G+ vel) (G )+ vel) Tk = @
with
va(d) = J%)OH (once t isknown, v, is also known)
vo(d) = —6.550(1 — 50)>°
and
va(¢) = (1 — s0)°° ©)

which implies that
Vo = 81)3/8(1)

The above nonlinear PDE is to be solved under the following initial and
boundary conditions, written in terms of dimensionless variables:

1) Aty =0,¢ = 1foraln

W __H_ b
M Do (1 - sco)®®
i) Atm =1, ddlom =O0foryy=0

i) Atm =0, (6)

Solution Scheme

A numerical technique is used to solve the resulting nonlinear PDE sinceit
does not offer any analytical solution. Among the different numerical tech-
niques, methods based on a finite element are the best from the point of view
that the maximum drop in concentration will occur within a very small dis-
tance of the membrane surface, although from the theoretical point of view the
whole depth of theliquid istaken as the thickness of the concentration bound-
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ary layer. The thickness of the finite element must therefore take into account
this sharp variation of concentration near the membrane surface with a very
small thickness near the membrane which gradually becomes larger far from
the membrane. Orthogonal collocation on a finite element (OCFE) has been
used to break the PDE into a set of coupled differential equations.

Before applying OCFE, the functions v,(¢$) and va(d) represented by Eqg.
(5) are unknown when solving for a particular time step. The function v, (i)
could be known from experimental data after flux (J) is known as a continu-
ous function of time. For this purpose the discrete experimental data collected
under specified operating condition in terms of permeate volume (V) versus
time (t) arefitted into the following equation:

at

VeTrm ()
In the case of unstirred batch ultrafiltration, it is expected that the rate of in-
crease of permeate volume, i.e., the volumetric flux, will eventually reduced
to zero after a sufficient length of time. Considering the nature of this varia-
tion of permeate volume with time, an equation of the form of Eq. (7) hasbeen
chosenfor the purpose. The parametersof the equation, i.e., aand b, have been
fitted by the Lavenberg—Marquardt nonlinear regression technique. The above
equation predicts that at alarge time, V will remain virtually constant at a/b
with negligible flux asis true for unsteady-state batch ultrafiltration. The re-
gression parameters a and b are functions of operating variables (like AP and
Cp) and different membrane parameters. Once a and b are known, the flux can

be calculated by the following equation:

_ldv_a 1
S Ad AL+ by? ®)

J

This equation could be substituted into Eq. (5) to determine v,({s) asacon-
tinuous function of t and hence of {s. The functions v,(¢$) and va(d), which are
also unknown when solving at a particular time ", are linearized by expan-
sion about the previous time step, Y. Thus

avz

(r—1)
a0 = v D) + (W) (&0 — D)

which can be written as

vo(¢pM) = Qr + Q™ 9)
Similarly, vx(¢) can be linearized and written as follows:
v3(¢p")) = Q3 + Qadp® (10)
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The constants Qy, Q,, Q3, and Q, are al known at ") because they involve
data at previous time points.

Ql = Q4 — de)(r—l)
Q, = 35.755%C3(1 — scodD)*S

(11)
Qs = vl D) — QP
Qs = vo(d" )
So, writing v1() as Qs, Eq. (4) can be expressed as follows:
L b\ P’ _ ad
QSK + (Q1 + Q20) (a’ﬂ) + (Qz + Qad) W i (12)

The whole range of integration in the space domain is divided into NE num-
ber of finite element, each containing NC internal collocation points at which
the residuals are written. With consideration of the two element boundaries,
the total number of pointsin the space domain is (NC + 1)NE + 1, whichis
written as NT. Introducing the local variable u in the kth finite element where
u=(n — n®/h.withh, = > <ih, the PDE (12) can be written as follows
by this OCFE technique (22):

I Qs NC+2 1 NC+2 2
W e ; Asdi + (Q1 + Qady) (h_k ; AIJ(bj)
NC+2

+(Qz + Qadi) (Vhy)? ; Biad;

(13)

where the global index i and local index | arerelated by i = (k — 1)(NC + 1)
+ | with asimilar relation existing between j and J. The above equation could
bewritten at all internal residual points. The flux continuity at element bound-

aries requires that
(e~ (5
am element:k_ M Jdementk+1

which can be written as follows:

NC+2

JZ Ay dbrneryra (14)

1 NC+2 1

T ; Anc+2,3 Pr-1(NC+1)+I = Py

Inthisway, NE — 1 algebraic equations could be obtained at the internal ele-
ment boundaries.

Volumetric flux from the osmotic pressure model could be represented by
the equation J = (AP — Am)/(wRy), which after substitution into the first
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boundary condition becomes

1N AP AmH by de
he 2 T T IRIDo (- sy

=0 (k=1 (15

The second boundary condition can be written as

NC+2

1
B > Aab =0 (k=NE) (16)

Equations (14), (15), and (16) comprises NE + 1 algebraic equations while
Eq. (13) givesaNE X NC number of differential equation. All these equations
can be put into matrix form as follows:

dp _
CC gy = AAd + F(d) (17)

The above equation is to be solved with the initial condition that at ¢ = O,
bi=1(=1,...,NT).CCisadiagona matrix having the following struc-
ture:

CCi; =0,ifi #]
= 1,if i =] andi correspondsto an internal collocation point
= 0,if i =jandiisnot aninternal collocation point
The function vector has the following structure:

_ (AP —AmH 1 — by
HRnDo (1 — scodr)®®

NC+2  NC+2
= (Q1 + Qi) (hik ; Ale)j)z + Q;g)l ; Biadj,

for i being an internal collocation point

Fi

fori = 1, i.e, first boundary point

= 0, at element boundary points as well as at the last boundary

An AA matrix could be similarly assigned. Equation (17) has been solved by
the Crank—Nicholson implicit method to get better accuracy and stability from
the “ A-stable” method, which can be written after some rearrangement as fol -
lows:

(CC — BAYAA)G® = [CC + (1 — B)AVAA]HC D

+ (1 = B)AYF(S"Y) + BAYF(H®) 4o

MaRcEL DEKKER, INC.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

)



Downl oaded At: 11:07 25 January 2011

ORDER ||l REPRINTS

2214 BHATTACHARJEE AND DATTA

where 3 isaparameter; 3 = 0.5isusually chosen. Equation (18) represents a
multidimensional nonlinear equation in ¢ which is solved by the successive
substitution technique. To apply the iterative method, the initial guess chosen
was that prevailing at the previous time step, i.e., b = &Y. Equation
(18) could be written as follows:

Zmd? = m-nY (19)

which represents the solution by the successive substitution method, and ¢
at the mth iteration could be obtained by solving Eq. (19) by Gauss elimina-
tion. The procedure may be continued until convergence is reached, and then
the evaluation for the next time step could be started. In the above analysis,
Do, the diffusion coefficient at infinite dilution, is obtained for amacromol ec-
ular solution by an equation suggested by Sherwood et a. (23). The osmotic
pressure is calculated at any desired solute concentration by Flory’s equation
(24). The different parameters in the equation and the method of evaluation
are described elsawhere (25).

Prediction of Flux and Permeate Volume

When the above-mentioned model is used to predict flux, J could not be
substituted from Eqg. (8) into the PDE. Att = 0 (i.e., y = 0), Jis calculated
fromJ = (AP — Am)/(wRm) with Am = my — m,, because ¢, would be es-
sentially equal to ¢, at the beginning of the ultrafiltration process. The func-
tion v, (), i.e., Qs, hasbeen evaluated at the previoustime step, thuswhen cal-
culating for the first time step the value of Q isknown, having been evaluated
at t = 0. Once the calculation for the first time step is complete, the concen-
tration profile prevailing at t; (i.e., ¥s1) isknown. This ¢, value could be used
in the osmotic pressure model to calculate the final value of flux J at t;. This
procedureisfollowed at all time stepsto calculate the flux.

Att = 0, the permeate volume (V) is zero. Assuming that flux J would re-
main constant over At (areasonable assumption owing to the small incremen-
tal size), V could be determined from the definition: V = A [§ Jdt, i.e, VO =
V=D + AJOAL, whereV ) jsthe permeate volume at t = t,. This procedure
for the determination of J and V produced excellent results when compared
with the experimental data.

EXPERIMENTAL

An unstirred batch cell of 600 mL capacity was used for experimentation.
Polyethylene glycol (PEG)-6000 solution was ultrafiltered with an asymmet-
ric cellulose acetate membrane of 5000 MWCO. PEG concentrations of 18,
30, and 40 kg/m? with pressure levels of 294.3, 392.4, and 490.5 kPa were
used. The total permeate collection was measured at some discrete points
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which werethen fitted into Eq. (7) to obtain the values of the parametersa and
b by a nonlinear technique. The viscosity of the PEG solution was also cali-
brated, and it was fitted by an equation of the following form:

= (0.80124 + 1.474 X 10" 2¢ + 6.26114
X 1075 ¢2 + 4.669 X 107 ¢%)/1000.0

The concentration of PEG-6000 in solution was aso determined by the re-
fractive index calibration method.

(20)

RESULTS AND DISCUSSION

The objective of the present study was to analyze the boundary layer phe-
nomena as well as to simulate permeate volume and hence flux as a function
of time. Furthermore, the membrane used in this study was a high rejecting
membrane, with its reflection coefficient value as high as 0.982. When the
model was used for analysis, experimental values of flux (J) and permeate
concentration (c,) were used. When V (or J) was simulated, ¢, was arbitrarily
assigned 5% of cy, i.e., rgjection has been assumed to be 95%. The resultsin
Figs. 3 and 4 were aso obtained after assigning arejection of 95%.

The model developed in thisstudy convergesvery well in all the time steps.
The maximum number of iterations required is 10, but in most cases conver-
gence with atolerance of 10~° on ¢’ sis achieved in 56 iterations. This sug-
gests astrong convergence characteristic even with the successive substitution
technique. The solution scheme has been found to be somewhat sensitive to
At. The convergence as well as the computed results have been found to be
very good for At = 0.1 second to as high as 10 seconds. But after that (i.e.,
when At > 10 seconds), the model becomes very unstable and in some cases
deviates completely from the expected results. Another thing that is very im-
portant is the selection of sizes of finite elements. The finite element size near
the membrane surface must be very small to account for the strong concentra-
tion gradient prevailing in that region, and the sizes can be increased gradu-
aly at adistancefar away from the membrane. In thisstudy, 15 finite elements
were chosen, each with two internal collocation points, thus giving a total of
46 points in the space domain. The development of the concentration profile
in the boundary layer with time is shown in Fig. 1. The sharp concentration
gradient near the membrane surface is evident from the figure. Initidly, the
concentration increases very sharply near the membrane surface. After that the
rise in concentration becomes slower and finally it tendsto the “ characteristic
concentration” asymptotically, at which the effective driving force becomes
zero, i.e., Amw— AP. The term “characteristic concentration” is used in con-
junction with the osmotic pressure model. Since the gel polarization model is
not appropriate for PEG-6000 ultrafiltration, the osmotic pressure model has
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FIG.1 Development of concentration profile with time under fixed operating conditions (cp, =
18 kg/m?® and AP = 294.3 kPa).

been used in this study to simulate flux, as mentioned earlier. The increased
membrane surface concentration resulting from solute rejection causes the os-
motic pressure gradient to increase, and there isaparticular value of the mem-
brane surface concentration at which the osmotic pressure gradient (A1) be-
comes equal to the applied pressure difference (AP). At this condition the
effective pressure difference, i.e., (AP — Anr), becomes zero, thus giving no
flux.

Variations of the membrane surface concentration with pressure and feed
concentration are shown in Fig. 2. The results show that as the pressure in-
creases, membrane surface concentration increases as expected. Increased
pressure causes more flux, thus more soluteis carried to the membrane surface
which gives a higher concentration due to continuous accumulation. With an
increase in feed concentration, ¢, increases quite substantially during theini-
tial period, but in the long run c,,, tends to reach the characteristic concentra-
tion which is mainly a function of pressure. Thus the difference between c,,
values decreases at different cq but at the same AP at longer times. This fig-
ure al so shows acomparison between the results obtai ned with or without con-
sideration of the variable diffusivity. In the model, if s (= Uppec) IS equated
to zero, this gives results at constant diffusivity. The membrane surface con-
centration for the case when ¢y = 18 kg/m? and AP = 294.3 kPaisaround 120
kg/m?®, which, according to the equation used to account for the variation of
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diffusivity, gives nearly 52% reduction. This reduced diffusivity near the
membrane surface drastically affects the backdiffusional rate by which solute
returns to the main bulk of the fluid. Thus, consideration of variable diffusiv-
ity increases the membrane surface concentration over that predicted with
constant diffusivity. Thisincreased membrane surface concentration causes a
larger reverse osmotic pressure gradient, thus reducing the effective driving
force. Due to this, the flux as well as the permeate volume are found to be
much less than that predicted when constant diffusivity is considered. These
findings are shown in Fig. 3 and 4.

The dependence of volumetric flux J with pressure and feed concentration
isshownin Fig. 3. Theflux increases with an increasein pressure differential,
but theincreaseis not as much as the decrease of flux with feed concentration.
With an increase of pressure, ¢, also increases, thus raising the value of A
which partially offsetstheincreasein AP. Dueto this, J does not increase ap-
preciably with arisein AP asexpected. Anincreasein feed concentration also

Gy tkg/m? b
15 20 25 3N 35 40 45 56
II]IIIII?[[III{IIT]III[T?IYIIi[lll'l'l'lll[f'llll'!lllIlf'llllli!rlllllllllq 150
Yariable D E
~— ConstantD E —
AP =2384.3 kPa : _21&‘0_:-&
// 3 P
R 4 o
........ ] =
-------- b £
T E (]
130
Results at 30 minutes E
180 120

C°: 18 kg/m
Results at 30 minutes

TITTrTITTY Tt

160
- :
E z
2 WFE
o -
120F .
- Yariable D
= ————— LConstaent D
0‘0“11.{]1llll]|I]lIIIIIIli|PXAFIEIII!III!IIIII!LIIIIrlllllllll

206 250 300 350 £00 450 500

Pressure, (kPal

FIG. 2 Membrane surface concentration as a function of pressure differential and bulk
concentration, with and without variable diffusivity consideration.
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increases the membrane surface concentration marginally, thus reducing the
effective pressure differential and flux. There is another and more important
reason for flux decline with an increase in cq, and this is associated with the
rise in solution viscosity with concentration. This increased viscosity causes
less flux at a higher concentration. Comparison between the results predicted
with variable diffusivity and constant diffusivity are shown, and variable dif-
fusivity predicts less flux for the reason explained earlier. The experimenta
results agree much more with the prediction from variable diffusivity, and this
also shows the validity of the present model with variable diffusivity consid-
eration for the prediction of flux.

Variations of permeate volume with AP and ¢y are shown in Fig. 4. These
resultsare exactly in accordance with Fig. 3, and the validity of the model with
variable diffusivity consideration is obvious from the figure. The absolute av-
erage deviation for the prediction of flux and rejection, when computed for all
experimental runs under different operating conditions at different times,
comes to around 5.2%, which shows the goodness of fit of the present model
to the experimental data.

CONCLUSION

A model based on the variable diffusivity concept has been developed in
this study to analyze the concentration profile prevailing within the boundary
layer, as well as to simulate flux and permeate volume under any operating
conditions. The simulated results with variable diffusivity consideration
matches very well with the experimental data. The main aim of this study isto
assessthe importance of changein diffusivity within the concentration bound-
ary layer, and this has been very clearly established.

NOMENCLATURE
A membrane area (m?)
AA amatrix of (NT X NT) order defined in Eq. (17)
A, B collocation matrix, Ajj, Bjj: an element in that matrix
ab parametersin Eq. (7)
C concentration (kg/m?3)
Co feed (kg/m3)
Cp permeate (kg/m°)
Cm membrane surface concentration (kg/m®)
D diffusivity (m?/s)
Do diffusivity at infinite dilution (m?/s)
F function vector defined in Eq. (17)
H height of liquid over membrane (m)
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hy thickness of kth finite element (dimensionless)
J volumetric flux (m%m?-s)

M molecular weight (kg/kmol)

MWCO molecular weight cutoff

P pressure (N/m?)

PEG polyethylene glycol

Q1 ..., Qs constants defined in Eq. (11)

Rm membrane hydraulic resistance (m 1)

S constant = 1/ppeg (M3 kQ)

t time (9)

u local variable defining distance in afinite element
V permeate volume collection (m®)

X distance away from the membrane (m)

Y vector defined in Eqg. (19)

Z matrix defined in Eq. (19)

Greek Letters

B parameter defined in EQ. (18)

v viscosity (kg/m-s)

v function defined in Eq. (5)

m osmotic pressure (N/m?)

p density (kg/m3)

() volume fraction

) dimensionless concentration = c/cg

M dimensionless distance = x/H

s dimensionlesstime = Dot/H?

Subscripts

I, | global numbering index and local numbering in a finite ele-
ment, respectively

J,J same asi, |

Kk kth finite element

m iteration counter in rth time step

Superscript

r acounter to account for time step
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